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Abstract
Let f :Sp × Sq × Sr → Sp+q+r+1 be a smooth embedding with 1 p  q  r . For p  2, the
authors have shown that if p + q = r , or p + q = r and r is even, then the closure of one of the two
components of Sp+q+r+1 − f (Sp × Sq × Sr ) is diffeomorphic to the product of two spheres and
a disk, and that otherwise, there are infinitely many embeddings, called exotic embeddings, which
do not satisfy such a property. In this paper, we study the case p = 1 and construct infinitely many
exotic embeddings. We also give a positive result under certain (co)homological hypotheses on the
complement. Furthermore, we study the case (p, q, r) = (1,1,1) more in detail and show that the
closures of the two components of S4 − f (S1 × S1 × S1) are homeomorphic to the exterior of an
embedded solid torus or Montesinos’ twin in S4.
 2004 Elsevier B.V. All rights reserved.
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1. Introduction
Let f :Sp × Sq × Sr → Sp+q+r+1 be a smooth embedding with 1  p  q  r . For
p  2, the authors [10] have shown that if p + q = r , or p + q = r and r is even,
then the closure of one of the two components of Sp+q+r+1 − f (Sp × Sq × Sr ) is
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diffeomorphic to Sp × Sq × Dr+1, Sp × Dq+1 × Sr or Dp+1 × Sq × Sr . Furthermore,
the condition on p,q and r is essential; i.e., if it is not satisfied, then there exist infinitely
many embeddings without such a property. This last result is very surprising, since
codimension one embeddings of a sphere or a product of two spheres always have the
expected property as mentioned above with possible exceptions in certain dimensions
involving the (generalized) Poincaré conjecture where “diffeomorphic” should be replaced
by “homeomorphic” (see [1,8,16,6,14,9]). For this reason, we say that an embedding f is
exotic if the closure of neither of the two components of Sp+q+r+1 − f (Sp × Sq × Sr) is
diffeomorphic to a product of two spheres and a disk.
The purpose of this paper is to study the case p = 1. First we prove the following.
Theorem 1.1. If 1  q  r , then there exist infinitely many mutually distinct embeddings
fn :S
1 × Sq × Sr → Sq+r+2, n = 1,2,3, . . . , such that the closure of neither of the two
components of Sq+r+2 −fn(S1 ×Sq ×Sr) is homotopy equivalent to a product of spheres.
Combining the above theorem with the above mentioned result for the case p  2, we
obtain a complete characterization of those triples (p, q, r) for which exotic embeddings
f :Sp × Sq × Sr → Sp+q+r+1 exist.
When p = 1, under certain conditions, we have the following affirmative result as well.
Note that for a smooth embedding f :Sp ×Sq ×Sr → Sp+q+r+1 with p,q and r arbitrary,
it is not difficult to show that one of the two components of Sp+q+r+1 − f (Sp × Sq × Sr)
always has the homology of Sp × Sq or Sp × Sr or Sq × Sr (for details see [10,
Lemma 2.1]).
Proposition 1.2. Let f :S1 × Sq × Sr → Sq+r+2, 2 q  r , be a smooth embedding and
C1 the closure of one of the two components of Sq+r+2 − f (S1 × Sq × Sr).
(i) Suppose r = q + 1. If H∗(C1;Z) ∼= H∗(Sq × Sr ;Z), then C1 is diffeomorphic to
D2 × Sq × Sr .
(ii) Suppose r = q + 1. If C1 has the same cohomology ring as Sq × Sr , then C1 is
diffeomorphic to D2 × Sq × Sr .
We will show that the conditions q  2 and r = q +1 are essential in Proposition 1.2(i).
We will also study the case where C1 has the homology of S1 × Sq or S1 × Sr .
The second purpose of this paper is to study embeddings of T 3 = S1 × S1 × S1
in S4 more in detail. The most standard way to embed T 3 into S4 is to first embed
the 2-dimensional torus T 2 standardly into S4 and take the boundary of its tubular
neighborhood. For such an embedding, the closure of one of the two components of the
complement is of course diffeomorphic to T 2 × D2, while the closure of the other one is
known as Montesinos’ twin [12], denoted by Tw. Recall that Tw is a regular neighborhood
of the union of two embedded 2-spheres in S4 intersecting each other transversely at two
points with opposite signs.
In [7, Example 4.6], it has been shown that there are plenty of smooth embeddings of T 3
in S4. In fact, there are embeddings such that the closure of neither of the two components
of the complement is homeomorphic to T 2 × D2 or Tw.
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In this paper, we show the following result, which answers [7, Problem 4.1] for
embeddings of T 3 in the topological category.
Theorem 1.3. Let f :T 3 → S4 be a locally flat topological embedding and C1 and C2
the closures of the two connected components of S4 − f (T 3). Then there exist topological
embeddings F1 :T 2 ×D2 → S4 and F2 : Tw → S4 such that
(i) C2 is homeomorphic to S4 − IntF1(T 2 ×D2), and
(ii) C1 is homeomorphic to S4 − IntF2(Tw),
after C1 and C2 are interchanged if necessary.
Recall that a similar result for embeddings of the quaternion space in S4 has been
obtained by Katanaga and the second author in [7]. Our method here is very similar to
theirs.
Throughout the paper all homology and cohomology groups are with coefficients
in Z. The symbol “∼=” denotes a diffeomorphism between manifolds or an appropriate
isomorphism between algebraic objects, while the symbol “≈” denotes a homeomorphism
between topological manifolds. The symbol “[∗]” denotes the homology class represented
by ∗. For a space X, “idX” denotes the identity map of X.
2. A construction
In this section, for given integers q, r  1, we introduce a method to construct infinitely
many smooth embeddings f :S1 × Sq × Sr → Sq+r+2 such that the closure of neither of
the two components of Sq+r+2 − f (S1 × Sq × Sr ) is homotopy equivalent to a product of
spheres. We do not assume q  r for a moment.
Let us start with a smooth r-dimensional sphere K embedded in Sr+2; in other words,
K is an r-knot. Let N(K) ∼= D2 × Sr be a tubular neighborhood of K and set E(K) =
Sr+2 − IntN(K). Let D0 be an (r +2)-disk in IntN(K) and set D1 = Sr+2 − IntD0. Note
that D1 is diffeomorphic to the (r + 2)-disk Dr+2. Let us consider the embedding
g :S1 × Sr ∼=−→ ∂N(K) ι−→ D1 ∼= Dr+2,
where ι is the inclusion map. Then the composite
h :S1 × Sq × Sr δ−→ S1 × Sr × Sq g×idSq−→ Dr+2 × Sq
↪→ (Dr+2 × Sq)∪ (Sr+1 ×Dq+1)= Sq+r+2
is a codimension one embedding, where δ is the diffeomorphism which simply inter-
changes the two factors Sq and Sr .
Note that Sq+r+2 −h(S1 ×Sq ×Sr) always consists of two connected components and
we denote their closures in Sq+r+2 by C1 and C2. We may assume that
C1 = E(K)× Sq, (2.1)
C2 =
((
N(K) − IntD0
)× Sq)∪∂D0×Sq (Sr+1 ×Dq+1). (2.2)
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Then by using standard techniques in homology theory, we obtain the following:H∗(C1) ∼= H∗
(
S1 × Sq), (2.3)
H(C2) ∼=


Z,  = 0, r,
Z⊕Z,  = r + 1, q = 1,
Z,  = r + 1, q = 1,
Z,  = r + q, q = 1,
0, otherwise.
(2.4)
Then we immediately obtain the following.
Lemma 2.1.
(1) If π1(Sr+2 − K) is non-Abelian, then C1 is not homotopy equivalent to a product of
spheres.
(2) If q  r , then C2 is not homotopy equivalent to a product of spheres.
Let us now construct infinitely many mutually distinct codimension one embeddings
using the above construction. For this purpose, let us consider the torus knot kn of type
(2,2n+ 1), n 1, in S3, and let Kn be the r-knot in Sr+2 constructed from kn by iterating
the spinning construction (see [2,13]). It is well known that π1(S3 − kn) ∼= π1(Sr+2 −Kn)
and that this group is not Abelian.
Lemma 2.2. We have π1(Sr+2 −Kn)×Z∼= π1(Sr+2 −Km)×Z if and only if n = m.
Proof. It is known that Gn = π1(S3 − kn) has the presentation Gn = 〈x, y: x2 = y2n+1〉
and that its center is the infinite cyclic group Hn generated by x2 = y2n+1 (see, for
example, [3]). Hence the center H˜n of Gn × Z coincides with Hn × Z. Thus, we have
(Gn ×Z)/H˜n ∼= Z2 ∗Z2n+1. Since it is easy to show that Z2 ∗Z2n+1 ∼= Z2 ∗Z2m+1 implies
n = m, the result follows. 
Proof of Theorem 1.1. For 1  q  r , let hn :S1 × Sq × Sr → Sq+r+2, n  1, be the
codimension one smooth embedding constructed from the smooth r-knot Kn by using the
above construction. Then by Lemma 2.1, the closure of neither of the two components of
Sq+r+2 − hn(S1 × Sq × Sr ) is homotopy equivalent to a product of spheres. Furthermore,
if Sq+r+2 − hn(S1 × Sq × Sr) is homotopy equivalent to Sq+r+2 − hm(S1 × Sq × Sr),
then we must have π1(Sr+2 −Kn) ∼= π1(Sr+2 −Km) for q > 1 or π1(Sr+2 − Kn) × Z∼=
π1(Sr+2−Km)×Z for q = 1 by (2.3), (2.4) and (2.1). Then by Lemma 2.2, we have n = m.
Therefore, the embeddings hn are mutually distinct, or more precisely, there exists no
diffeomorphism of Sq+r+2 sending the image of hn to that of hm if n = m. This completes
the proof of Theorem 1.1. 
Remark 2.3. Note that the embeddings constructed above have the property that the
closure of one of the two components of the complement corresponding to C2 is always
diffeomorphic to the same manifold(((
D2 × Sr )− IntDr+2)× Sq)∪ (Sr+1 × Dq+1).
L.A. Lucas, O. Saeki / Topology and its Applications 146–147 (2005) 409–419 413
Note that when the r-knot K is trivial, the constructed embedding is standard in the sense
of [10, §8]. In particular, the above manifold is nothing but the closure of one of the two
components of the complement of a standard embedding of S1 × Sq × Sr into Sq+r+2.
Remark 2.4. Even if q  r , we can use the same construction as in the proof of
Theorem 1.1 to obtain the desired result, although the argument for the case q = r + 1
requires a more sophisticated argument. For details see the proof of Proposition 3.2.
3. Proof of Proposition 1.2
In this section we prove Proposition 1.2 and give some related results.
Proof of Proposition 1.2. Let f :S1 × Sq × Sr → Sq+r+2, 2  q  r , be a smooth
embedding and suppose that the closure C1 of one of the two components of Sq+r+2 −
f (S1 × Sq × Sr) satisfies
H∗(C1) ∼= H∗
(
Sq × Sr). (3.1)
Let us show that if r = q + 1, then C1 is diffeomorphic to D2 × Sq × Sr . In the following,
we set Y = f ({∗} × Sq × Sr) ⊂ ∂C1.
Lemma 3.1. If r = q + 1, then H(C1, Y ) vanishes for  = q, r .
Proof. Consider the exact sequence of the triple (C1, ∂C1, Y ):
· · · → H(∂C1, Y ) → H(C1, Y ) → H(C1, ∂C1) → H−1(∂C1, Y ) → ·· · . (3.2)
By Poincaré–Lefschetz duality together with the universal coefficient theorem, we have
H(C1, ∂C1) ∼= Hq+r+2−(C1) ∼= Hq+r+2−(C1),
since H∗(C1) is torsion free. Furthermore, since (∂C1, Y ) ∼= (S1, {∗})× (Sq × Sr), we can
calculate H(∂C1, Y ) by using the Künneth theorem. Hence, if q = 2, we immediately
have Hq(∂C1, Y ) = 0 = Hq(C1, ∂C1), which implies Hq(C1, Y ) = 0.
When q = 2, by considering the exact sequence
H1(C1) → H1(C1, Y ) → H0(Y ) → H0(C1)
of the pair (C1, Y ), we see that H1(C1, Y ) = 0. Using this in the exact sequence (3.2), we
obtain Hq(C1, Y ) = 0 in this case as well.
We can use similar arguments to show that Hr(C1, Y ) = 0, provided that r = q + 1.
Details are left to the reader. 
By the exact sequence
H(Y ) → H(C1) → H(C1, Y )
of the pair (C1, Y ) together with our hypothesis (3.1), we see that the inclusion j :Y =
f ({∗} × Sq × Sr ) → C1 induces isomorphisms of the homology groups and hence the
cohomology groups as well in dimensions q and r .
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Now consider the commutative diagram as follows:Hq(C1)⊗ Hr(C1) 
∼=j∗⊗j∗
Hq+r (C1)
j∗
Hq(Y )⊗ Hr(Y )  Hq+r (Y )
where “” means the cup product. Since the lower row is an epimorphism, we see that
j∗ :Hq+r (C1) → Hq+r (Y ) is also an epimorphism, and hence an isomorphism, since
Hq+r (C1) ∼= Hq+r (Y ) ∼= Z. Thus, by the universal coefficient theorem, j∗ :Hq+r (Y ) →
Hq+r (C1) is also an isomorphism.
Therefore, we have shown that the inclusion map j :Y → C1 induces an isomorphism
of homology groups in every dimension.
On the other hand, by using an argument as in [16] or in [9], we can show that C1
is simply connected, since q, r  2. Hence, C1 can be regarded as an h-cobordism with
boundary between f (I1 × Sq × Sr ) and f (I2 × Sq × Sr), where I1 and I2 are disjointedly
embedded closed intervals in S1. Since dimC1 = q + r + 2  6, by the h-cobordism
theorem [15,11], we conclude that C1 is diffeomorphic to D2 × Sq × Sr . This completes
the proof of Proposition 1.2(i).
The part (ii) of Proposition 1.2 can be proved by using an argument as in [10, §7]
together with the above argument for the part (i). Details are left to the reader. This
completes the proof of Proposition 1.2. 
In Proposition 1.2(i), the condition r = q +1 is essential. In fact, we have the following.
Proposition 3.2. For 1  q , there exist infinitely many mutually distinct embeddings
fn :S
1 × Sq × Sq+1 → S2q+3, n = 1,2,3, . . . , such that
(i) one of the two components of S2q+3 − fn(S1 × Sq × Sq+1) has the same homology
groups as Sq × Sq+1 and the other has the same homology groups as S1 × Sq+1, but
(ii) the closure of neither of the two components of S2q+3 − fn(S1 × Sq × Sq+1) is
homotopy equivalent to a product of spheres.
Proof. In the construction of Section 2, use q instead of r , and use q+1 instead of q . Then
by (2.3) and (2.4), C1 has the same homology groups as S1 × Sq+1 and C2 has the same
homology groups as Sq × Sq+1, where C1 and C2 are the closures of the two components
of the complement of the constructed embedding.
If the q-knot K is chosen so that π1(Sq+2 −K) is non-Abelian, then C1 is not homotopy
equivalent to a product of spheres.
In order to show that C2 is not homotopy equivalent to a product of spheres,
let us assume that q > 1 for a moment. By the construction, it is easy to see that
i∗ :H2q+1(∂C2) → H2q+1(C2) is an isomorphism, where i : ∂C2 → C2 is the inclusion
map. In the following, let us identify ∂C2 with S1 × Sq × Sq+1 by f . We see easily
that i∗ :Hq+1(S1 × Sq × Sq+1) → Hq+1(C2) sends the homology class [S1 × Sq × {∗}]
to a generator of Hq+1(C2) ∼= Z and i∗[{∗} × {∗} × Sq+1] = 0. As a consequence,
i∗ :H 2q+1(C2) → H 2q+1(∂C2) is an isomorphism and i∗ :Hq+1(C2) → Hq+1(∂C2)
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sends a generator of Hq+1(C2) ∼= Z to ±[S1 ×Sq ×{∗}]∗, where {[S1 ×Sq ×{∗}]∗, [{∗}×
{∗} × Sq+1]∗} constitutes the basis of Hq+1(C2) ∼= Hom(Hq+1(C2),Z) dual to the basis
{[S1 ×Sq ×{∗}], [{∗}× {∗}×Sq+1]} of Hq+1(C2). Then, by considering the commutative
diagram of cup products
Hq(C2)⊗Hq+1(C2) 
i∗⊗i∗
H 2q+1(C2)
i∗ ∼=
Hq(∂C2)⊗Hq+1(∂C2)  H 2q+1(∂C2)
we see that the first row must be the null homomorphism, since Hq(∂C2) is generated
by the dual [{∗} × Sq × {∗}]∗ of [{∗} × Sq × {∗}] ∈ Hq(∂C2) and [{∗} × Sq × {∗}]∗ 
[S1 × Sq × {∗}]∗ = 0. Hence C2 is not homotopy equivalent to a product of spheres.
When q = 1, a similar argument can be applied. The details are left to the reader.
Therefore, we can construct infinitely many mutually distinct embeddings satisfying the
desired properties (i) and (ii) by the same construction as in Section 2. This completes the
proof. 
In Proposition 1.2, we have assumed that 2  q  r . When q = 1, we have a result
similar to Proposition 3.2 as follows.
Proposition 3.3. For 1  r , there exist infinitely many mutually distinct embeddings
fn : S1 × S1 × Sr → Sr+3, n = 1,2,3, . . . , such that
(i) one of the two components of Sr+3 −fn(S1 ×S1 ×Sr ) has the same homology groups
as S1 × Sr , but
(ii) the closure of neither of the two components of Sr+3 − fn(S1 × S1 × Sr ) is homotopy
equivalent to a product of spheres.
Proof. In the construction of Section 2, use r instead of q and use 1 instead of r . Then
C1 has the same homology groups as S1 × Sr by (2.3), but is not homotopy equivalent
to S1 × Sr , provided that the 1-knot K is chosen so that π1(S3 − K) is non-Abelian.
Furthermore, C2 does not have the homology groups of a product of spheres, provided that
r = 2. Hence, we can prove the proposition for r = 2 as in Section 2.
For r = 2, the result follows from Proposition 3.2 for q = 1. This completes the
proof. 
We can also prove the following by directly using the construction of Section 2.
Proposition 3.4. For 1  q, r , there exist infinitely many mutually distinct embeddings
fn :S
1 × Sq × Sr → Sq+r+2, n = 1,2,3, . . . , such that
(i) one of the two components of Sq+r+2 − fn(S1 × Sq × Sr) has the same homology
groups as S1 × Sr , but
(ii) the closure of neither of the two components of Sq+r+2 − fn(S1 × Sq × Sr) is
homotopy equivalent to a product of spheres.
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Proof. By the construction of Section 2, the result follows, provided that q = r + 1. The
case q = r + 1 follows from Proposition 3.2. This completes the proof. 
Remark 3.5. Let f :S1 × Sq × Sr → Sq+r+2 be a smooth embedding. Then we can show
that one of the two components of Sq+r+2 −f (S1 ×Sq ×Sr) has the homology of S1 ×Sq
or S1 × Sr or Sq × Sr (for details see [10]). Hence, Propositions 1.2, 3.2–3.4 exhaust all
the possibilities for the homology of that component of the complement which has the
homology of a product of two spheres.
4. Embeddings of T 3 in S4
In this section, we consider codimension one embeddings of T 3 = S1 × S1 × S1 in S4
and prove Theorem 1.3.
Proof of Theorem 1.3. Let f :T 3 → S4 be a locally flat topological embedding and C1
and C2 the closures of the two connected components of S4−f (T 3). By using an argument
similar to that in [10, Lemma 2.1], we can show that one of them, say C1, has the homology
of T 2 = S1 × S1, and the other one, say C2, has the homology of Tw. In the following, we
identify ∂C1 and ∂C2 with T 3.
Let us show that there exists a homeomorphism h :T 3 ≈ ∂(T 2 ×D2) → ∂C2 ≈ T 3 such
that the closed 4-manifold M = C2 ∪h (T 2 ×D2), obtained by gluing C2 and T 2 ×D2 by
using h, is homeomorphic to S4.
Since the Euler characteristic of M is equal to 2, we see easily that M is a homotopy
4-sphere if and only if it is simply connected. Hence by the solution of the 4-dimensional
Poincaré conjecture in the topological category due to Freedman [5], we have only to show
that M is simply connected for some homeomorphism h.
For the moment, let us fix a homeomorphism h :T 3 ≈ ∂(T 2 × D2) → ∂C2 ≈ T 3.
By the definition of C1 and C2, there exists a homeomorphism g :T 3 ≈ ∂C1 →
∂C2 ≈ T 3 such that C2 ∪g C1 ≈ S4. Let us consider the diagram as in Fig. 1, where
i1, i2, j,w0,w1,w2,w3,w4 and w5 are the inclusion maps, id,  = 1,2,3,4, are the
identity maps, and γ :π1(C1) → π1(T 2 ×D2) is the composite γ = β ◦α of the Hurewicz
map α :π1(C1) → H1(C1) and an isomorphism β : H1(C1) ∼= Z⊕Z→ Z⊕Z∼= π1(T 2 ×
D2). Note that γ is an epimorphism.
Set
φ0 = w3# ◦ ζ1 = w4# ◦ j# ◦ id2# ◦ζ1 = w5# ◦ i2# ◦ h# ◦ ζ1,
φ1 = w4# ◦ γ, φ2 = w5# ◦ id4# .
If the commutativity φ0 = φ1 ◦ i1# ◦ id1# = φ2 ◦ i2# ◦ g# holds, then by van Kampen’s
theorem (see, for example, [4]) there exists a unique homomorphism Θ :π1(S4) → π1(M)
such that φi = Θ ◦ wi#, i = 0,1,2. Observe that Θ is an epimorphism, since so are γ and
id4#. Since π1(S4) is trivial, it will follow that π1(M) is also trivial.
Thus, we have only to show that there exists a homeomorphism h :T 3 → T 3 such that
we have the above commutativity, which is equivalent to j# ◦ (h−1# ◦ g#) = γ ◦ i1#.
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Fig. 2.
It is well known that every automorphism of π1(T 3) is realized by a homeomorphism
of T 3. Therefore, if there exists an automorphism ψ :π1(T 3) → π1(T 3) such that j# ◦ψ =
γ ◦ i1#, then we can find a homeomorphism h :T 3 → T 3 such that h# = g# ◦ ψ−1 and the
required commutativity holds for such an h (see the commutative diagram in Fig. 2).
Since β is an isomorphism and γ = β ◦ α, we have only to show the existence of an
automorphism ψ such that β−1 ◦ j# ◦ψ = α ◦ i1#.
Let us show that the composite α ◦ i1# is an epimorphism. For this, consider the
homology exact sequence of the pair (C1, ∂C1) = (C1, T 3):
H1
(
T 3
) i1∗−→ H1(C1) → H1(C1, T 3).
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By excision, we have H1(C1, T 3) ∼= H1(S4,C2) = 0. This implies that i1∗ is an
epimorphism. Then by the commutative diagram
π1(T 3)
α′
i1#
H1(T 3)
i1∗
π1(C1)
α
H1(C1)
we see that α ◦ i1# is an epimorphism, where α′ is the Hurewicz homomorphism, which is
an epimorphism.
Finally for an arbitrary isomorphism β ′ : ker (α ◦ i1#) ∼= Z → Z ∼= kerj#, we have the
commutative diagram with exact rows for some isomorphism ψ :
0 Z
∼= β ′
π1(T 3)
α◦i1#
∼= ψ
H1(C1)
∼= β
0
0 Z π1(T 3)
j#
π1(T 2 ×D2) 0.
Thus, we have an automorphism ψ which satisfies the required commutativity, com-
pleting the proof of Theorem 1.3(i), since C2 = M − Int (T 2 ×D2) ≈ S4 − Int (T 2 × D2).
The proof of Theorem 1.3(ii) is similar and is left to the reader. 
Let us conclude the paper by a remark concerning a high dimensional analogue of
Theorem 1.3.
Let f :Sp ×Sq ×Sr → Sp+q+r+1 be the standard embedding; i.e., f (Sp ×Sq ×Sr) is
the boundary of a tubular neighborhood of a standardly embedded Sp × Sq , Sp × Sr ,
or Sq × Sr in Sp+q+r+1 (for details see [10]). Let C1 and C2 be the closures of the
two components of Sp+q+r+1 − f (Sp × Sq × Sr). Then one of them, say C1, is clearly
diffeomorphic to Sp × Sq × Dr+1, which is a tubular neighborhood of an embedded
Sp × Sq in Sp+q+r+1, after an appropriate permutation of p,q and r if necessary. The
other one, say C2, which is diffeomorphic to(((
Dp+1 × Sr )− IntDp+r+1)× Sq)∪ (Sp+r × Dq+1)
(for p = 1, see Remark 2.3), is in fact a regular neighborhood of the union of two embedded
spheres Sp+r and Sq+r in Sp+q+r+1 intersecting each other transversely along Sr−1. (In
particular, C2 has the homotopy type of the bouquet Sp+r ∨ Sq+r ∨ Sr .)
Then, it is natural to ask if a result similar to Theorem 1.3 holds for general p,q and r .
According to [10], when 2 p  q  r , if r = p + q , or if r = p + q is even, the answer
is affirmative. We do not know the answer for the other cases.
Acknowledgement
The authors would like to thank Prof. Oziride Manzoli Neto for stimulating discussions
and his constant encouragement.
L.A. Lucas, O. Saeki / Topology and its Applications 146–147 (2005) 409–419 419
References[1] J.W. Alexander, On the subdivision of a 3-space by a polyhedron, Proc. Nat. Acad. Sci. USA 10 (1924) 6–8.
[2] E. Artin, Zur Isotopie zweidimensionaler Flächen im R4, Abh. Math. Seminar Hamburg. Univ. 4 (1926)
174–177.
[3] G. Burde, H. Zieschang, Knots, second ed., de Gruyter Stud. in Math., vol. 5, de Gruyter, Berlin, 2003.
[4] R.H. Crowell, R.H. Fox, Introduction to Knot Theory, Ginn, Boston, 1963.
[5] M. Freedman, The topology of four-dimensional manifolds, J. Differential Geom. 17 (1982) 357–453.
[6] R.Z. Goldstein, Piecewise linear unknotting of Sp × Sq in Sp+q+1, Michigan Math. J. 14 (1967) 405–415.
[7] A. Katanaga, O. Saeki, Embeddings of quaternion space in S4, J. Austral. Math. Soc. Ser. A 65 (1998)
313–325.
[8] A. Kosinski, On Alexander’s theorem and knotted spheres, in: M.K. Fort Jr (Ed.), Topology of 3-Manifolds
and Related Topics, Prentice-Hall, Englewood Cliffs, NJ, 1961, pp. 55–57.
[9] L.A. Lucas, O.M. Neto, O. Saeki, A generalization of Alexander’s torus theorem to higher dimensions and
an unknotting theorem for Sp × Sq embedded in Sp+q+2, Kobe J. Math. 13 (1996) 145–165.
[10] L.A. Lucas, O. Saeki, Embeddings of Sp × Sq × Sr in Sp+q+r+1, Pacific J. Math. 207 (2002) 447–462.
[11] J. Milnor, Lectures on the h-Cobordism Theorem, Math. Notes, Princeton University Press, Princeton, NJ,
1965.
[12] J.M. Montesinos, On twins in the four-sphere I, Quart. J. Math. Oxford 34 (1983) 171–199.
[13] D. Rolfsen, Knots and Links, Math. Lecture Ser., vol. 7, Publish or Perish, Berkeley, CA, 1976.
[14] J.H. Rubinstein, Dehn’s lemma and handle decompositions of some 4-manifolds, Pacific J. Math. 86 (1980)
565–569.
[15] S. Smale, On the structure of manifolds, Amer. J. Math. 84 (1962) 387–399.
[16] C.T.C. Wall, Unknotting tori in codimension one and spheres in codimension two, Proc. Cambridge Philos.
Soc. 61 (1965) 659–664.
